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A NOTE ON SIGNS OF FOURIER COEFFICIENTS OF
TWO CUSP FORMS
S. BANERJEE
Abstract. Kohnen and Sengupta proved that two cusp forms of
different integral weights with real algebraic Fourier coefficients
have infinitely many Fourier coefficients of the same as well as of
opposite sign, up to the action of a Galois automorphism. Re-
cently Gun, Kohnen and Rath strengthen their result by compar-
ing the simultaneous sign changes of Fourier coefficients of two
cusp forms with arbitrary real Fourier coefficients. The simultane-
ous sign changes of Fourier coefficients of two same integral weight
cusp forms follow from an earlier work of Ram Murty. In this note
we compare the signs of the Fourier coefficients of two cusp forms
simultaneously for the congruence subgroup Γ0(N ) where the co-
efficients lie in an arithmetic progression. Next we consider an
analogous question for the particular sparse sequences of Fourier
coefficients of normalized Hecke eigen cusp forms for the full mod-
ular group.
1. Introduction
Throughout the paper, let z ∈ H be an element of the Poincare´
upper-half plane and q = e2πiz . Let Sk denote the space of cusp forms
of weight k for full modular group SL2(Z) and Sk(N) denote the space
of cusp forms of weight k for the congruence subgroup Γ0(N).
Sign changes of Fourier coefficients of cusp forms in one or in several
variables have been studied in various aspects by many authors. It is
known that, if the Fourier coefficients of a cusp form are real then they
change signs infinitely often [7]. Further, many quantitative results
for the number of sign changes for the sequence of the Fourier coef-
ficients have been established. The sign changes of the subsequence
of the Fourier coefficients at prime numbers was first studied by M.
R. Murty [17]. Later, J. Meher et. al. [15] investigated that for a
normalized Hecke eigen cusp form with Fourier coefficients {a(n)}, the
subsequences {a(nj)}n≥1 (j = 2, 3, 4) of the Fourier coefficients change
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signs infinitely often. W.Kohnen and Y.Martin [9] generalized their re-
sult by showing the subsequence {a(pjn)}n≥0 have infinitely many sign
changes for almost all primes p and j ∈ N .
Recently in 2009, the question of simultaneous sign change of Fourier
coefficients of two cusp forms of different integral weights with real al-
gebraic Fourier coefficients was considered by W. Kohnen and J. Sen-
gupta. They showed that for k1 6= k2 if f and g is in Ski(Γ0(N))
for i = 1, 2 with totally real algebraic Fourier coefficients {a(n)} and
{b(n)} respectively for n ≥ 1 with a(1) = 1 = b(1), then there ex-
ist an element σ of the absolute Galois group Gal(Q/Q) such that
a(n)σb(n)σ < 0 for infinitely many n. Later Gun, Kohnen and Rath
extended their result by showing that if f and g have real Fourier co-
efficients {a(n)} and {b(n)} respectively for n ≥ 1 and a(1)b(1) 6= 0,
then there exist infinitely many n such that a(n)b(n) > 0 and infinitely
many n such that a(n)b(n) < 0. When k1 = k2, the simultaneous sign
changes of Fourier coefficients of f and g follows from an earlier work
of Ram Murty [17].
In this article, we have considered two normalized Hecke eigen cusp
forms f and g of weight 1 < k2 < k1 for Γ0(N) with Fourier coefficients
{a(n)} and {b(n)} respectively and have studied the simultaneous sign
changes of Fourier coefficients where the coefficients are in arithmetic
progression. We have also studied the simultaneous sign changes of the
sparse sequences {a(nj)} and {b(nj)} for j = 2, 3, 4 respectively of f
and g over full modular group SL2(Z).
2. Statement of the results
The following two theorems are the main results alluded off earlier.
Theorem 2.1. Let f, g ∈ Ski(N) (with i = 1, 2 respectively) having
Fourier coefficients a(n) and b(n) respectively which are normalized,
i.e. a(1) = b(1) = 1. Then for any m ∈ N and l ∈ Z with (l, m) = 1,
the subsequences (a(n))n≡l (mod m) and (b(n))n≡l (mod m) have infinitely
many terms of same as well as of different signs simultaneously.
Theorem 2.2. Let f, g ∈ Ski (with i = 1, 2 respectively) be normalized
Hecke eigenform with Fourier coefficients a(n) and b(n) respectively.
Then for j = 2, 3, 4 the sparse sequences {a(nj)}n≥1 and {b(n
j)}n≥1
have infinitely many terms of same as well as of different signs simul-
taneously.
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3. Proof of Theorem 2.1
We begin by stating and sometimes outlining a proof of a series of
lemmas. Let us define the counting function
Il(n) :=
{
1 if n ≡ l (mod m)
0 otherwise.
(3.1)
with m and l as before.
Lemma 3.1. Let χ be any Dirichlet character modulo N. Consider
f ∈ Sk(N,χ) having Fourier coefficients a(n) ∈ R and l, m be co-prime
positive integers. If g(z) :=
∞∑
n=1
Il(n)a(n)q
n, then g ∈ Sk(Γ1(Nm
2)).
Proof. Let {ψr : 1 ≤ r ≤ φ(m)} be the group of φ(m) Dirichlet char-
acters modulo m where φ is the Euler phi function. Now applying the
orthogonality relation of characters we have,
g(z) =
∞∑
n=1
(
1
φ(m)
φ(m)∑
r=1
ψr(n)ψr(l)
)
a(n)qn
=
φ(m)∑
r=1
ψr(l)
φ(m)
∞∑
n=1
ψr(n)a(n)q
n
=
φ(m)∑
r=1
αψrfψr (3.2)
where αψr =
ψr(l)
φ(m)
and fψr =
∞∑
n=1
ψr(n)a(n)q
n. Now fψr ∈ Sk(Nm
2, χψ2r) ⊂
Sk(Γ1(Nm
2)) for all r with 1 ≤ r ≤ φ(m). ( cf. [8]). Hence g ∈
Sk(Γ1(Nm
2)). 
Lemma 3.2. Suppose f ∈ Sk(Γ1(N)). Then its associated L function
L(s, f) has an analytic continuation to the full s-plane.
Proof. We refer [[4], Theorem 5.10.2] for the proof. 
Lemma 3.3 (Landau [11]). Suppose that d(n) ≥ 0 for all but finitely
many n’s and that the Dirichlet series
Ψ(s) =
∑
n≥1
d(n)
ns
has finite abscissa of convergence σc. Then Ψ(s) has a singularity on
the real axis at the point s = σc .
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3.1. Proof of Theorem 2.1. Consider,
f1(z) =
∑
n≥1
Il(n)a(n)q
n
and
g1(z) =
∑
n≥1
Il(n)b(n)q
n,
with Il(n) is as in (3.1). Applying Lemma 3.1 we have f1 ∈ Sk1(Γ1(Nm
2))
and g1 ∈ Sk2(Γ1(Nm
2)). Let
Rf1,g1(s) =
∑
n≥1
Il(n)a(n)b(n)
ns
(3.3)
be the Rankin-Selberg Dirichlet series attached to f1 and g1. Let us
take k1 > k2 without any loss of generality and set,
R∗f1,g1(s) = (2π)
−2sΓ(s)Γ(s− k2 + 1)ζNm2(2s− (k1 + k2) + 2)Rf1,g1(s)
(3.4)
where,
ζNm2(s) =
∏
p|Nm2
(1− p−s)ζ(s).
It is well known that R∗f1,g1(s) extends to an entire function on C (cf.
[13, proposition 4.1.5],[2] ). Since Γ(z) has no zeros for all z ∈ C,
it follows that ζNm2(2s − (k1 + k2) + 2)Rf1,g1(s) extends to an entire
function. Now by Rankin-Selberg method one has the following integral
representation:
Rf1,g1(s) =
∫
Γ0(A)\H
f1(z)g1(z)E
∗
k1−k2
(z; s− k1 + 1)y
k1−2dxdy,
where, A = Nm2, k is a non-negative integer and
E∗k(z; s) := π
−sΓ(s+ k)Ek(z; s).
For z ∈ H, s ∈ C and σ ≫ 1;
Ek(z; s) := ζ(2s+ k)
∑
γ=(
. .
c d
)∈Γ0(A)∞\Γ0(A)
ys
(cz + d)k|cz + d|2s
is the non-holomorphic Eisenstein series of weight k > 0 with level A
for the cusp i∞ and
Γ0(A)∞ =
{
± 1
(
1 m
0 1
)
|m ∈ Z
}
.
SIGNS OF FOURIER COEFFICIENTS OF TWO CUSP FORMS 5
It is worthwhile to note that for k > 0 the function E∗k(z; s) extends to
an entire function in s (e.g.[16], Cor. 7.2.11, p. 286).
If possible let us assume that the sequence {a(n)b(n)}n≡l (mod m) has
all but finitely many terms ≥ 0 for (l, m) = 1. If we denote the coeffi-
cients of ζNm2(2s− (k1 + k2) + 2)Rf1,g1(s) by e(n) for all n ∈ N. Then
e(1) 6= 0 and by assumption we have that {Il(n)a(n)b(n)}n≥1 has all
but finitely many terms ≥ 0.
Now by Lemma 3.3 we have,∑
n≥1
e(n)n−s (3.5)
(for σ ≫ 1) must either have a singularity at the real point of its
abscissa of convergence or must converge for all s ∈ C. The first
alternative is excluded as (3.5) has holomorphic continuation to C.
Now from (3.4) for σ ≫ 1, we have that
(2π)−2sΓ(s)Γ(s− k2 + 2)
∑
n≥1
e(n)n−s
extends to an entire function. Since Γ(s)Γ(s − k2 + 2) has poles at
s = 0,−1,−2, ...., it follows that
∑
n≥1 e(n)n
−s must vanish at these
points. We thus obtain a system of linear equations for e(n) whose
determinant is a Vandermonde determinant and thus is non-zero. It
follows then that e(n) = 0 for all n ≥ 1, which contradicts the fact that
e(1) 6= 0. Thus we conclude that the subsequences (a(n))n≡l (mod m) and
(b(n))n≡l (mod m) have infinitely many terms of different signs simulta-
neously for (l, m) = 1.
Now we assume that the sequence {a(n)b(n)}n≡l (mod m) has all but
finitely many terms ≤ 0 for (l, m) = 1. Let
e(n) = − coefficient of ζNm2(2s− (k1 + k2) + 2)Rf1,g1(s).
Hence e(1) 6= 0 and e(n) ≥ 0 for all but finitely many n. Applying
Lemma 3.3 we can conclude that
∑∞
n=1 e(n)n
−s must converge for all
s ∈ C. Now we can argue previously to conclude e(n) = 0 for all n ≥ 1
which contradicts the nonvanishing of e(1). Thus the subsequences
(a(n))n≡l (mod m) and (b(n))n≡l (mod m) have infinitely many terms of
same signs simultaneously for (l, m) = 1. This completes the proof.
4. Proof of Theorem 2.2
Let us denote αj = 1/2, 3/4, 7/9 and βj = 2/11, 1/9, 2/27 respec-
tively for j = 2, 3, 4. Let
f(z) =
∑
n≥1
a(n)e2πinz ∈ Sk1
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and
g(z) =
∑
n≥1
b(n)e2πinz ∈ Sk2
be normalized Hecke eigenform. Here we want to compare the sparse
sequences {a(nj)}n≥1 and {b(n
j)}n≥1 simultaneously for j = 2, 3, 4.
The following two lemmas will be required to prove the theorem.
Lemma 4.1. Let f(z) =
∑
n≥1
a(n)e2πinz ∈ Sk be normalized Hecke
eigenform. Then for any ǫ > 0 and j = 2, 3, 4 we have,∑
n≤x
a(nj)≪f,ǫ x
αj+ǫ
where αj’s are defined above.
Proof. We refer [5] and [14] for the proof. 
Lemma 4.2. Let f ∈ Sk1 and g ∈ Sk2 be normalized Hecke eigenform
with Fourier coefficients a(n) and b(n) respectively. Then for any ǫ > 0
and j = 2, 3, 4 we have,∑
n≤x
a(nj)b(nj) = Cjx+Of,ǫ(x
1−βj+ǫ)
where Cj’s are absolute constants and βj’s are defined above.
Proof. The proof of the lemma is immediate consequence of the proof
of Theorem 1.1, 1.2, 1.3 of [12]. 
4.1. Proof of theorem 2.2. Let, h = h(x) = x1−βj+2ǫ, where ǫ(> 0)
is sufficiently small. If possible let us assume that for j = 2, 3, 4,
the sparse sequence {a(nj)b(nj)}n≥1 are of constant sign say positive
∀ n ∈ (x, x+ h].
Now from Lemma 4.2 we have,∑
x<n≤x+h
a(nj)b(nj) = Cjh+Of,ǫ(x
1−βj+ǫ)≫ x1−βj+2ǫ (4.1)
On the other hand using Lemma 4.1 and Delign’s bound (cf. [3] )
we get,∑
x<n≤x+h
a(nj)b(nj)≪ x2ǫ
∑
x<n≤x+h
b(nj)≪ x2ǫ
(
(x+ h)αj+ǫ + xαj+ǫ
)
≪ xαj+3ǫ (4.2)
Now comparing 1 − βj and αj in 4.1 and 4.2, we can see that the
bounds contradict each other. Therefore, atleast one a(nj)b(nj) for
n ∈ (x, x+h] are of negetive sign. Hence we can conclude that, for j =
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2, 3, 4 the sparse sequences {a(nj)}n≥1 and {b(n
j)}n≥1 have infinitely
many terms of different signs simultaneously. By similar argument, one
can also show that the sparse sequences have infinitely many terms of
same signs simultaneously. This completes the proof of the theorem.
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